A generalization of the Lozinskiï logarithmic norm is introduced and some applications to stability of differential equations are given.
1. Introduction. Let A be a continuous linear function from a real Banach space E into itself. Following Lozinskiï [8] (see also [4] ) the logarithmic norm p[A] of A is defined by p[A] = lim/l_0+(ll^ + ^11 ~ 1)M> where / denotes the identity and ||7-|-hA\] = supi^j \x + hA(x)\. This notion has been used to bound solutions of differential equations and to obtain asymptotic stability [1, 3, 9] . A definition of logarithmic norm for functions A, which are continuous but not necessarily linear, is given by Martin [10] , who presents also some applications to differential equations.
In this note we consider continuous, possibly nonlinear, functions A from E into itself such that A(0) = 0. For such functions we define upper and lower characteristic exponents of order a > 1,
denoted by i/° [A] and vf[A] respectively. When A is linear and E is a real Hubert space, we have u\[A\ = p[A] and v\[A\ = -p[-A].
The upper and lower characteristic exponents are related to stability properties of the differential equation (1.1) x'=A(x).
For example (Theorem 3.1), v^[A\ < 0(^f[A] > 0) implies asymptotic stability (instability) of the zero solution of (1.1). A characterization of these numbers in terms of some properties of solutions of (1.1) is also given (Theorem 3.2).
Define for a > 1 If the norm is Gâteaux differentiable, the first equality in (2.1) holds for any t G R. PROOF. Let e > 0. Since
there is ho > 0 such that, for each 0 < h < ho and x G Sd, x # 0, we have License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3. Some applications to differential equations. The characteristic exponents are related to stability properties of the zero solution of (1.1). The next more general definition allows to cover also the case of stability of a set, which is invariant for (1.1). Notice that all differential equations which we consider here are supposed to satisfy hypotheses which guarantee (local) existence and uniqueness of solutions.
Let fi be a nonempty closed and proper subset of E. Set d(x,fi) = inf{|x-u| |uGfi}, x G E, and fir = {x<EE\d(x,n)<r}, r>0.
Let A be the set of continuous functions A: fir -► E which are bounded, that is sup{|A(x)| | x G fir} < +°°, and such that fi is positively invariant for (1.1). 
Since 4>(t) < a, t G [0,¿i), we have D+<f>(t) < c<j>(t), which implies (see [7, p. 15] ) o = <l>{ti) < 0(O)exp(cii) < o", a contradiction. Since A is bounded, a standard argument shows that w = +00. Therefore D+cf>(t) < ccf>(t), t > 0, and so <p(t) < <p(0)exp(ci), t > 0. Since fi is positively invariant for (1.1), it is easy to verify that the latter inequality is still satisfied, if <j>(t) vanishes for some t > 0. Thus fi is asymptotically stable for (1.1) and the proof is complete. have \D+V(x(t))] < K]x'(t)\ < KLV(x(t)), t > 0, and so, D+V(x(t)) > -KLV(x(t)). Therefore, for each x(0) G Ss and t > 0, V(x(t)) > V(x(0))exp(-KLt). This implies that Ti is bounded from below. The following proposition extends a result of Wazewski [11] (see also [12] ). For further properties concerning differential equations with homogeneous righthand side, see Busenberg and Jaderberg [2] . The next proposition generalizes a result of Brauer [1] . PROPOSITION 3.2 . Let E be a separable real Hubert space. If, for some a > 1, B E Ma indlimsupt_+00(/Q v^[B,u] du)/(t-a) < 0, then the origin is asymptotically stable for (3.2).
The proof is omitted since it is similar to that of Brauer. We notice only that, as in the proof of Proposition 3.1, v"[B,t] turns out to be a bounded measurable function of t El and so the integral in the statement makes sense.
